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The most common approach to model a weakened bond at a solid-solid 
interface has been to allow for a partial slip of the displacement at 
the interface. This concept is transformed into a specific set of 
boundary conditions which are then solved to obtain the plane-wave 
reflection and transmission coefficients or to determine the dispersion 
relation of the associated interface wave, if they exist. A key 
question in this approach is whether one allows for a partial slip in 
both displacement components or just the tangential. Initially, Murty 
[1-2] considered only the tangential slip to model the slip interface 
with the following boundary conditions: 
Normal stress is continuous, 
Shear stress is continuous, 
Normal displacement is continuous, and 
Shear stress is proportional to a tangential displacement slip. 
Using this set of boundary conditions, Murty derived a dispersion 
relation to investigate the existence of the interface wave propagating 
along such a slip interface [1]. He also investigated the reflection 
and transmission of a compressional incident wave for several 
representative solid-solid combinations [2]. More generally, the 
boundary conditions at a slip interface were formulated by Schoenberg 
[3] in the form of a 3X3 boundary stiffness matrix, which has two 
independent elements, normal stiffness kN and tangential stiffness kr. 
Schoenberg's formulation provides a rigorous basis to treat a slip 
interface, but his numerical results are mostly concerned with the 
special case of normal incidence. This general approach was also used 
by Pilarski [4-6], who formulated the boundary conditions in a fashion 
similar to Murty 1s, with the exception that the normal stress is 
proportional to a normal displacement slip. 
In most works reported to date, the reflection coefficients were 
computed numerically from the set of linear equations representing the 
boundary conditions. In this paper, the explicit expressions for the 
reflection coefficients will be derived for both shear and compressional 
incidences. The analytical results will then be used to compute the 
reflection amplitude for a metal-metal interface. Computational 
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predictions will be analyzed to arrive at a conceptual inspection 
technique for estimating the bonding strength at the considered 
interfaces. 
THEORY 
In the x-z plane, consider two elastic half-spaces joined at z=O 
under the slip-interface conditions. First, let the incident wave be 
compressional in the upper half-space z>O. The formal solutions of the 
displacement potentials ~ (compre~sional) and ~ (shear) in the two 
halfspaces for such a problern are: 
For z>O: 
~ Piexp(ikpz) + Prexp(-ikpz), 
(1) 
~ Srexp(-ikqz), 
For z<O: 
~·= Ptexp(ikp'z), 
(2) 
~·; Stexp(ikq'z), 
in which the harmonic term exp[ik(ct-x)] is suppressed for brevity. In 
Eqs.(1-2), k and c are the wave nurober and phase velocity in the x 
direction; Pi, Pr, Sr, Pt, and St are constants to be determined by the 
boundary conditions at z=O; and p, p', q, and q' are defined by 
p [(c2/a2 )-1]~, 
q [(c2/ß2)-1]~, 
[(c2/a' 2 )-1]~, 
(3) 
p'= 
q'= [(cZ/ß'Z)-1]~, 
where a, ß, a', and ß' are the compressional and shear sound velocities 
in the upper and lower half-spaces, respectively. Throughout this 
paper, the primed variables are used to denote the same physical 
quantities in the lower half- space. 
In practice, we believe that use of the tangential slip alone is 
more than adequate to model a weakened bond, therefore, the boundary 
conditions employed by Murty are used to describe a slip interface. 
According to Murty [1], the tangential stiffness kr can be expressed in 
the form 
(4) 
where B is a normalized bonding parameter, ranging from 0 to 1. When 
kr=B=O, there is no bonding between the two solids; when B=1 or kr~• 
the bonding is perfect. Note that in Eq.(4), ö is the density of the 
upper solid. 
Expressing the displacement and stress components in terms of the 
displacemnt potential ~ and ~. one can apply the boundary conditions to 
obtain the following matrix equation: 
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B br-.J.!L.. -B ~ 11>P 
B 2bp+--:--e sin8i 2bp--.-s1.n i s1.n8i sin8i s1.n8i 
p 1 p' -1 l1>s p (5) 
-mr 2mq r' 2q' Tpp mr 
2mp mr 2p' -r' Tps 2mp 
where b·= 1-B, m = 11/11' and r = 1-q2. 
In the case of shear incidence, the above algebraic steps can be 
repeated, starting from the following formal solutions: 
For z>O: 
~ = Prexp(-ikpz), 
~ = Siexp(ikqz) + Srexp(-ikqz), 
For z<O: 
~·= Ptexp(ikp'z), 
~·= Stexp(ikq'z). 
Application of the boundary conditions leads to a matrix equation 
similar to Eq.(S): 
B br-.J.!L.. -B ~ Rsp -br-~ 2bp+-:--e sin8i s1.n i s1.n8i sin8i s1.n8i 
p 1 p' -1 Rss -1 
-mr 2mq r' 2q' Tsp 2mq 
2mp mr 2p' -r' Tss -r 
(6) 
(7) 
(8) 
The explicit expressions of the four reflection coefficients for 
two types of incidence can be obtained from Eqs.(S,8). For example, the 
reflection coefficient Rpp. i.e. compressional incidence and 
compressional reflection, was found to be: 
where 
Rpp = (Npp/D), 
Npp= (1-B)[p(r-2)(4p'q'+r'2)+mp'(r'-2)(4pq-r2)] 
+ -.B-{m[2(2p'q'+r')(2pq-r)-(r'-2)(r-2)(pq'-p'q)] 
s1.n8i 
-(pq-1)(r' 2+4p'q') -m2(p'q'+1)(4pq-r2)}, 
D (l-B)[p(r-2)(4p'q'+r'2)+mp'(r' - 2)(4pq+r2)] 
+ -.B-{m[2(2p'q'+r')(2pq+r)-(r' - 2)(r-2)(pq'+p'q)] 
s1.n8i 
-(pq+l)(r'2+4p'q')-m2(p'q'+1)(4pq+r2)}. 
(9) 
(10) 
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Note that the numerators of the various coefficients are different, 
while the denominator D, which when set equal to zero yields the 
dispersion relation of the interface wave, remains the same for all 
coefficients. The numerators of the other reflection coefficients are: 
Npg= (1-B)4mpp'r(r'-2) 
+ ~[m(r+2)(r'+2p'q')-(r 1 2+4p'q')-2m2r(1+p'q')] 
s1n8i ' 
Ngp= (1-B)[r2(1-m)(r'+2p'q')-4mr(r'-2)p 1 q] 
+ ---.B---{2q[(r'-r)(r 1+2p'q')-2(r'-2)p'(q'-mq)] (11) 
s1n8i 
+(1+p'q')[2(1-m)r(q'-mq)-4m(r'-r)q]}, 
Nss= (1-B){2p[(r'-r)(r'+2p'q')-2(r-2)p(q'-mq)] 
+r[(2m-r')p(r'+2p'q')-p'(r-2)(mr-2pq')]} 
+ ---.B---{(1-pq')[(r'-r)(r'+2p'q')-2(r-2)p(q'-mq)] 
s1n8i 
+(q'-q)[p'(r-2)(mr-2pq')-p(2m-r')(r'+2p'q')] 
+(1+p'q')[(r'-r)(2pq'-mr)-2p(2m-r')(mq-q')]}. 
COMPUTATIONAL RESULTS 
The previous theoretical results have been applied to several 
systems. These systems can be broken into two groups, those in which 
the interface is between identical solids and those in which the 
interface is between different solids. The identical solid systems make 
use of three materials: Aluminum, Brass and Silicon Carbide while the 
different solid system consists of the Aluminum-Brass interface. The 
following parameters were used in the calculations: 
Compressional Shear Density 
Velocity Velocity 
(g/cm3 ) (Km/s) (Km/s) 
SiC 11.67 7.47 3.08 
Al 6.32 3.13 2.70 
Brass 4 . 28 2.03 8.56 
Figures 1a-1c are plots of reflectivity versus incident angle for 
the identical solid systems. The four curves on each represent 
different modes of propagation, before and after reflection, the s 
representing shear and the p representing compressional. For example 
the sp curve is the reflectivity of a shear incident wave into a 
compressional reflected wave. 
Note that the general features of the various curves, for a given 
mode, are similar in all three sets of curves. The ss curves have a 
peak near normal incidence and then fall to minimum reflectivity at 
higher angles. The pp curves are just the reverse, rising from a 
minimum at near normal incidence to a well defined peak at higher 
angles. The sp curves tend to rise from a minimum at 0° to a maximum at 
90°; wbile the ps·curves have broad, less well defined peaks in the 
middle angles. 
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Fig. 1 .. Reflectivity versus incident angle for three systems of 
identical solids (a) Aluminum-Aluminum, (b) Brass-Brass, 
and (c) Silicon Carbide-Silicon Carbide. 
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In terms of modes that would be more useful for practical purposes, 
we believe that the ss and pp should be chosen. The reasons for this 
are: (1) the sp and ps modes are more difficult to excite and observe; 
(2) their angular dependence varies more with different materials; and 
(3) the ss and the pp modes have peak reflectivities at angles which are 
accessible, but well separated from each other, resulting in less 
difficulty in interpretation of the data. 
Figure 2 is a plot of reflectivity versus incident angle in the Al-
Al system, for various values of B. Here we see that the sensitivity of 
the ss curves, to changes in B, is approximately the same over the full 
range of angles. Therefore the optimal angular region for making 
measurements with the ss mode is where the reflectivity is largest, near 
normal incidence. The pp curves on the other hand exhibit useful 
reflectivity and sensitivity to changes in B in a narrower range of 
angles centered around 60° . Figure 3 is a plot of the reflectivity 
versus B for incident angles in these two regions. 
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Fig. 2. Reflectivity versus incident angle in the Al-Al system, 
for various values of B. 
We see that the variation of reflectivity with B is nearly linear 
in both cases, with a steeper slope for the ss mode. Either of these 
curves would be useful for determining the bonding parameter of the Al-
Al system, with the ss mode yielding better resolution. 
We now turn to systems with different solids on either side of the 
interface. The system studied is the Aluminum-Brass interface. Figures 
4a and 4b are plots of reflectivity versus incident angle, similar to 
figure 1. 
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Fig. 3. Reflectivity versus B for the Al-Al system. 
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Fig. 4. Reflectivity versus incident angle for the Aluminum-Brass 
system with (a) Aluminum as the incident solid, and 
(b) Brass as the incident solid. 
It is immediately apparent that the Situation is now more complex 
than it was previously. Figure 4a presents an interface with Aluminum as 
the incident solid, i.e. the solid containing the incident and reflected 
beams, while figure 4b has brass as the incident solid. Note that the 
curves in 4a are similar to the respective curves in figure 1, while 
those in 4b display a discontinuity areund 40°. This discontinuity is 
associated with the existence of an interface wave mode. Due to the 
complexity of the curves it would be very difficult to interpret data 
taken with brass as the incident solid. For this reason we would choose 
to do interface characterization with Aluminum as the incident solid. 
Figure 5 is a plot of the reflectivity versus B for such a system, 
where we have chosen to lock at the pp and ss modes for similar reasons 
to those given previously. In this plot note that the pp mode is 
approximately a linear function of B, with good enough sensitivity to 
changes in B to be useful. The ss curve on the other band, while linear 
90 
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Fig. 5. Reflectivity versus B for the Al-Brass system with Al as 
the incident solid. 
in B, exhibits a slope change at areund B=.75. This results in a 
situation where for values of B greater than approximately 0.5, two 
values of B correspond to the same reflectivity. This limits the 
usefulness of the ss mode to values of B less than 0.5. 
CONCLUSIONS 
In the reported research, a weakened bond at a solid-solid 
interface was modeled by allowing for a partial slip in the tangential 
displacement component. Explicit expressions of the reflection 
coefficients were derived for both compressional and shear incidences. 
The computational results suggested that the reflection amplitude can be 
used to estimate the bonding strength at such an interface. Application 
of this theoretical model to the Al-Al, Brass-Brass and SiC-SiC joints 
recommends that it is optimal to characterize an Al-Al joint by using a 
so shear beam or a 60° compressional beam. For an Al-Brass joint, it is 
probably more advantageaus to interrogate the bond line with incidence 
from the Al halfspace. 
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